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Ph'\'E Robbln5RevIew of Ca.lculu~ CCYlcer+s 
AP Co.tculvs 

Pre.ca)curu-s 
.,,--­

r"'JSe.. .A~ '= ~:a - ~I-=­S'6pe: rYl:: run Ax XZ.-x\ 

PO(n+ - 5'Dfe. ecrJt:(hon: ~ -~ \ -= r1'\ ()(- x,) 

Slope. /,,+e,rc:..ep+ e4Vo.+lOr'l: ~ -:::. rnx 1'" b 

D'<S.+Q,n"e 	 For~'IJJ~: d=- ~(X'1.-><I)2. +-("=1:z.-~,)2. 
I 

E"e.~ ~ Odd, FIJ"C.+lO"~ : 
A tovtcho n \~ eve.., rt ;J-(-x)=5&') c,fld odd 

to+ervGlhs : 

BotJt\de.d. oren I"te..rVo. ,
a<x< b 

~<)( 	 Uf"\bcur"lde.d "Pe.n Inter-va. ( 

Un bounde.d. ope.., ,,,+ev- VA \ >« b 
Gt~ x.&. b Bovndcad CI05e.d l('rhe('v~1 

IA~~ tJnbovnd~ c..\OSed tnie.rvo. \ 
x~ b Unbounded Glosed Ifl+e(V~ f 

COMPO_'+IOn! (f 0 ~X><.) = f(~(~)) 

ShIft ForrYlulo.s (c >0) 

V-e,..-tlcoJ .s~\ft-~ of j =f(><): ~:: £Cx) + C 

!:f= f(x)-C 

\iorlzoVl+c..l Sh,+ts ot .~ ~f(J()~ .~= ;(x -c) 
~;: f (x~C) 

S+re-l-ch ~ Shrink FO('f)1o[t:(s (c >0) 

M4rGh 90, 	f''Ig 
July 3q IQ1S Revised 

1+ J(-x) = -j-(l(). 

( 0., b) 
("', (0) 
(-Q"J, b) 
[",-,bJ 
[~, 00] 

[-1XJ, b1 


----_._-------...... 
(Shrf~ £,(x) vp C Vr1t+!S) 
(S,tf+~ 5(x.) dow", C un ltS) 

(Sh,ft-.s f{x.) Y"ljl1t C ()I1I+~) 

( Sh, fts f()() (eft- C ,"",,,+s) 

Vertl~J stretc.hes ~nd Shnnks of .:1=- f(x}: 

~ =C f(x) , c> I S+retc.h~-6 +he. jr....ph verhca.l~ bj ... ~(J.c.tor cst C 
~ "" c. 5(x.) , D<c. < I 6h...." Ie. .. ~e jrap h w.r+w•.llj bj to. +...do r of C 

HOflzont.:ll,I 6h"I1!<.s D.hd. Srt"e.t~~c:s o.t- !j-= ;Cx.) : 

'--- .'1 a j!(c.K), C >I Sht"l..,k~ #teo 3i1>f'h no.... ZOt1+'I. \~ bj ... fed-or o~ lie. 


j'" ..f (c x), O( c:.<. I Ske.h:.hes +k ~r~ph hC>ro2..0(\+~\13 bj Co. ~I:+Of' of Ilc 

I<olcbv1S (,9~e) 
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Limits 

Thfw tu·.,.,d- of f(x) ~~ x 6tfproa.ches C e9va.f~ L. 

~ 'im 5()() =L 
x~c 

OrH!. - s,ded lIYi"l'+S ~ It f 1M f(x): L o."d IIWl f(K):' L +hen hWl f(x) =L e. ~ISt.S .. 
)(~C..)(.,) c-	 >< ~c+ 

LI~'+ 'Theorems: 

LIMit of t\ If sex) = C +he.V"I },rvl f(x) = c 
I 

CO\'1 '+0.111 + 1= Uf1 et,o" )C""Q. 

Add'+lon IWr'1 [F(><);- 3(><)]" I'm f(x.) ~ 11r''''' j (x.) = F + G 
~~~ 	 ~~~ ~~~ 

SJ6t-f'o.C.-hOfl I/VI") [f(x)-j(x)J~ IIM.:f{X.) -},1'>1 .s(x)" F-G 
x..., 0. 	 >(~ttJ('-}Q. 

MU\-\-rpllco..h,,,, IIWI [:f(x.).j(>e)] " [JIm S(x.)l[ "m a(x)J _ F G 
x-tD. 	 X--.ca, J X~~ '-.J J _ . 

f(><) (1m ~(x) F 

D \ - -= )(-+Q :. - (6-1:0)
."1510.., 1\ra1 'q(x) I ( ) G 

'--	 x~a. v 1m :J )( 
)('-+'" 

P,.oduc..t of ~ 
(OV1..s+G\Yl+ etf)d 	c. LIWlf+ IIWI [c. j(x)]" c /'WI j()() :- c 6 

~~~ 	 ~~Q. 

Powers "yy) [f(k)"] = [,.'~ 2("')J 11" Fnx. -+t\ 

Roo+s I, rt1 ':.J f(><) = " 'I,m .f(x..) :: ~ r.::­
J<>-+q 	 A.j)(~.. "Ir-F 

L,~,t of +he !~" ·H3(x)] " f [)~~ 3(x)] .. f(G)Com~slte 

Conhnv,+y 	 A tvncJ-.ov> ; ,~ C61'1-h"oous Oil AA IYd-erV'a./ If ,+ ,~ CoI"lf-'hUOUS 


0.+ e~ch pornt tJf.. fhe. tnte.rl/a. L 


~ 
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LIVYH+{) 

D\~CO(\+'f'lUt+l es : 

1(%) 

....-/ 

1(%) 

o 	 % o % 


1(%) = {%21 + 1, x s 0 

%, % > 0 

Infinite Discontinuity Jump Discontinuity 

1=if 1(%) =%2 ~ 1 
%+1 

% 

Point Discontinuity 

The In+-erWledto.te V~\\J(' Theorew> +OV" Covrhnuou~ FUrt,:ha~s 

A functton ~ ~ f(~) +hDtt IS COt'l+''''UOU~ ~1)11 

dosed lI'\tervOlI [0" bJ to..t:.e'5. OJol ~Ver~ vo.lue 

be.+~eer1 f(~) ~ feb). 
 '-J 

If ~. IS beh..Jeel'1 .f(0..) ond feb) I -tken 

~' C ~ 5(c) +01'" SOrYl e. C. I~ [C1.. I b] . 


y 

The 5a.V\ cd Wlc..l., ~eo('e.YYJ 


5vpfo...e th~+- j(l<) ~ £(x) (: hex) for 0.1\ X =F c 

VB 

\n cSOme ',,,,+et"'v,,,, 	 o.~tJ+ C +kD..-+D..Yld 

'I~ 0(~):: '1rY) h(X) = L ,Th~n I,m S(~) = L. 
~~~ K~C 	 x~c 

e lX 
co 

Special Cases 
r-l 1limaz = 1 a> 0 lim (l + x)1/Z = e Iim--= 

z~ z..o z..o X 

aZ-I 
lim V'X= 1 	 lim (1 + !)Z = ell lim--= In a- a> 0 
z- z- x z_ X 

am r"
lim--=O 	 lim (1 +.!.)Z = e Iim-=O
III-m! z_ x Z-r 

lim (In x) 1ft = 0 x-I lim In (x + 1) = 1lim--= 1 
z- m 	 z ...1 In x z- x 

'-"sin x 1 	 I
, 1 - COS X 0 lim tan x = 1Iim--= 	 1m = 

z~ x 	 z..o X z~ xI 	 I 

-.,,/ 

\: /~Ii1~ 
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Der,·vQtives 
[)env,,+tves de.t;\\ wrth .f-h~ ro.+e of c.h~.,~e l(\ ~ ftln£.-t'QfT. GeOr"lle+rlc4{(Y, -H,e 
dertva.+lv~ 31V~S +he. 'Elope ot- +h~ -h.."Jot+ lIne -h, -4t,e curve. 

y 
~ 

(a) First derivativeofy = f(x) with respect toxis defined as 

Alternative notations aref' (x). d~) • and y'. Ify = f(t). 

dy df(t) • 
dt=dt"=y 

~xo x x+h 

I(x) 

r 

(b) Second and higher derivatives of the same function are 

d (tr-ly)dZy d (dy) d 	 dfly d_=__ =-U'(x)] =y" -=- - =_[.fll-U(X)] =.fIll(X)
tJx2 fix fix fix dx" fix fix fix 

RATES 0(: C.HANGE. 


1k 6..114e. ve100fy of ... boclj W'lOIlI'lj ",1."3 c.. '1I1e t(om fO ~1+,tYI :; ~ f( t) +0 f"S(+'Or'i 

s ... A:5 = f (t +- At) IS V6; = d'sfl ..~e~+ ~ ,"OS = .; (1: +- At) - f-(t) 


v fr~ve.l ·hM!. At At 
It')~+~v+t{(leous velac.rry I~ +he.- derrva,+,v,- 0'; pOSlttCr), or dl~td.F1C<!. It- t\.1e.. pOS.dlOn .fUI1.c+lon 

of 0... kcdj MO\lI~ ~lonj ltne 1~ $0-= f(-c), +~e- Ioadj'.s (I(\S+~"'J+~J,,,eovs) veJocf~ ~+ +rlMe... t0... 

I~ v(i) ~ 	 ~ ~ I,...., :f( t t-At)- f(t) 
elt: At~o At­

~7eed is the. a.bsolu+e.' Vlt.lue..... o~ Ve...lOCl+-j. 


Acc"de.r~+lo" I~ the derlV-¢(VG at-- v~loc.I-t:J. It a hodj's pOSlhoYf o.+- +\W\~t l'S s=. -ret)' 

~ei't +-~e.. ho~ S ~lele"'~+IOt1 ~+- flVYte.. t IS 0.... == dv = d 25 . 


dt dt:2. 
_~_ .....__,..-...-____..~ _	 ___-._____~__r.... ____~___._~ ___.... ____~__.-__.... 

The.. C\vev-tlje. - t"'a.t-e of c-h~V\je ot- a.. tu~c.+tOt1 f(><) over +tte.. I~ h(v~' {(-orYl X +0 

x +h I~: A"e.fo.~~ foJe. of cko.':'je... Hx+ h) - f(x) 

The. ('I\.d-G\"'+~Vleov~) rAte.. D~ c~~~e of f 0..+ X ,~ -u.~ derfvo...+'ve..: 

(\1/): 11M f(x+h)-::f(x) 
:7 l)(. h~o 

h. 
Imp\ ICI+ DifferentIation: 

I. Dltterenh",1-e both ~Ides of +h~ e1 vt:\+,on WI+h re-sp~c--t +0 x. 

2. ColI~c+ 	 +~e.. terms WI~h dj/dx 6t1 olle.. !SIde of +he- eqVo..+IOIl. 

6. Fac+or oot ~ /d>< 

4. Solve~'" d.J/dx dwtd 'Ilj.bj 
"-----' 

Robbins (\9~e) 	 4 
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~f\f'~w,h()l1S of L}nll0.:)-, ves 

"":" 	 "', 
"dfRolltfs Theorem 
;ft~ function f(x) is continuous in the closed interval 
;:. .r~, b) and is differentiable in the open interval (a. b) and 

if f(a) = f(b). then there is at least one point (x = c) in 
(a, b) in which 

.t"'! 

[ ~ 'Ce) sO] 
-(2{Lalf3nge's Theorem (first mean·yalue theorem) 
~ 	"c'­

~)f a function f(x) is continuous in the closed interval 
}('[a9 b) and is differentiable in the open interval (a, b), 
t~ then there is at least one point (x = c) in (a, b) in which 

I 

feb) - -r(o.) ~ 5'(c) 
b-a. 

y 

o 

C 

j(1l)~/ ----- --~~ 
j(c) j(e) j(h) 

c 
b 

x 

The Procedure for Newton's Method 

1. 	Guess a first approximation of a root for the equation I (x) = O. A 
gmph of y = f(x) will help. 

2. Use the first approximation to get a second. the second 	to get a " 
third. and so on. To go from the nth approximation Xn to the ne~ 
approximation Xn+ I, use the fonnula 

I(xn) 
Xn+l = Xn - I'(x )' (1) 

n 

\vhere If (xn) is the derivative of I at XII' 

L'Hopital's Rul~s 
f<x) and g(x) are two continuous functions of x having 
continuous derivatives at x. 

I~ 	';(y)j&-)~r )(,.~ IS (o'1.rJlJ)It-	 £(~) / jfx) ~,. ,j( 11 0. I$i. 010 or 001co 
J 

or 	("')(0) -then ~ \11"Yl f(;<) s h"., :F {l() f 

-r(x)
X7A jl)() 4IC~ Q. j'(.<) II"" [ :f{XJj(,x)] : J':';" [ l/~(,<n' 

lC""Q. . . 0 

i~ ;'6') -~CK) .fe,.. x. s 0.. ('0 <Q) - '00 It .f(x)'ylt.} it:; )(~a I' 00 
0'- ()O 

~ 

+hel"l 	 or (--.:0, tk.n S(J<)t,.,f(x.) 
(1m 	 «x.)~(.oQ hM eor 

11rY\ 	 [;(1(,) ~ 6(1]:: iJm [1/.fV> - Vj()()]' X4-A .... 
x"",,, X'+a [1/.;(;.1") - ~(:l<':D' 	

~ ~ 

. 	 Summary of Curve·Sketching Techniques 

1. 	 Compute f'(x) and f"(x). 

2. 	 Find all maximum and minimum points. 
(a) Set f'(x) = 0 and solve for x. Suppose that f'(a) = O. 

(i) 	If f"(a) > O. the curve is concave up at x = a. and so f(x) has a minimum 
at x = a. The minimum point is (a, f(a». 

(ii) 	If f"(a) < 0, the curve is concave down at x = a, and so f(x) has a 
maximum at x = a. The maximum point is (a, f(a». 

(iii) 	If f"(a) = 0, examine f'(x) to the left and right of x = a in order to 
determine if the function changes from increasing to decreasing or vice 
versa. 

(b) 	Make a partial sketch of the graph near each point where f(x) has a horizontal 
tangent line. 

3. 	 Determine the concavity of f(x). 
(a) Set 	f'(x) = 0 and solve for x. Suppose that f"(b) = O. Next, test the con· 

cavity for x near to b. If the concavity changes at x = b, then (b, f(b» is an 
inflection point. Otherwise the concavity at x - b is the same as at other 
nearby points. 

4. 	 Consider other properties of the function and complete the sketch. 
(a) 	If f(x) is defined at x = 0, the y-intercept is (0, f(O». 
(b) Does the partiid sketch suggest 	that there are x-intercepts? If so, they are 

found by setting f(x) = 0 and solving for x. (Solve only in easy cases or 
when a problem essentialIy requires you to calculate the x-intercepts.) 

(c) 	 Observe where f(x) is defined. Sometimes the function is given only for 
restricted values of x. Sometimes the formula for f(x) is meaningless for 
certain values of x. 

(d) Look for possible asymptotes. 
(i) Examine the formula for f(x). If some terms become insignificant as x 

gets large and if the rest of the formula gives the equation of a straight 
line, then that straight line is an asymptote. 

(ii) 	Suppose that there is some point a such that f(x) is defined for x near a 
but not at a (for example. l/x at x = 0). If f(x) gets arbitrarily large 
(in the positive or negative sense) as x approaches a, then the vertical 
line x = a is an asymptote for the graph. 

(e) Complete the sketch. 

--·-Robblns- (lqtra) 	 s 

7 
y' > 0 => graph rises 
from left to right; 
may be wavy 

-../ 

~ 
y' < 0 => graph falls 
from left to right; 
may be wavy 

'/or"" I(0<\ 

y" > 0 => concave up 
throughout; no waves; 
graph may rise or fall 

y" < 0 => concave down 
throughout; no waves; 
graph may rise or fall 

v11\ 
y' =0 and y" < 0 " = 0 and y" > 0 
at a point; graph has at a point; graph has 
local minimum local minimum 

~orv{
~~hanges sign ,'changes r---"sign => graph

( has local
Inflection point maximum or 

minimum 

., -.f 
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Different,a-tron 


\. Derlvo..+tve of tl. COYls+a.n+: -tz (c) :. 0 

~ 	 ~ d2.. (Olisto.,,+ Hvf+tple ~(t!. : 	 d)(. [k· :.r(x)] = k· d)( [f(K)] 

3. SuW7 Rule: ddx. [f{xH j(x)] =< :x [f(x)] + ix [~(x)l 

4. Gene,-.." Powu Rule: 	 ix. {[~ll<.)r} = yo. [j(x)r-- I
• iz [!lex.)] 

o. Product Rule: 1x [((x) 3(x)1" f(x) j '(x) + j('C) f '(x) 

r Q t t R I· -=L [ 	S(x.)] = (1...\ '(x) '" _j(X)fl(x:) - f(X)~/(l() 
'0. Vo I en tJ e· d x 	 ~ (K) ~ ) - [ 2­

\J ~(x)] 


7. C~o.lt') Rut e. : ~::: ~	 d I.( 0.....:L [f(u)"1 = -.EL [~(1).)1 du. 
dx d u. dx d.x. :.J d.~ .. - dx 

8. Ch"'lI"l Rule. CPrIWlE! "lotA.+lo.'l): d: [;(~(x))J " f ( ~()()). j'(x) 

''---," + d [YVlJ \ (Yn)-I d p~ ] P (trq,)-\4. 	Fro.ct,ono.l fxpOVlel'l s: d><. x = n X o,,,,d dx (x 't -= ~ y.. 


d [-LJ (I) I j'{X)
10. The Rec,prcco.l Rv\e ~ 	 d)Z ~&) = 3 (x)" - [ a 
j(x)] 


\ \. Drff'eren+,a:·hnj. the... Tf"~(lol'l1e+("c FunG+'on~: 


d d~
d ~ ­dx ($lr. x) '$ cos x -
d)( 

('Sir" ~\
J 

.. t;.os d)( 


- d 
 (l:.OSX): -Sin ')< 	 -=L (C!)~ tA.):: - Sifl L.\ d~ 
dA . d><. dx 


d
.sL (ta.rl X) -::. sec.2 )( 	 - (+~V1 tA ') -.: s~c.2u. dLA.. 
dx 	 d ~ d;< 

d 	 ~ (,,0+&)..):: -CSC~t.A. du..cix. (cot X)::: - C~<. :2 X d~ dx. 

d 5c!C fA. +A~ CA~d: (sec::. x.):. S~CX +AAX 	 (~c CA) ::. o1~ 
d ~ d~ 

cL -
d 

(c. St:.... 0..): -c~c::: c.l.. t;o+ 
" 

tJ... d<A.~ dx (c:.Sc:. x) "" -CSc:..X cotx d~ 	 d~ 

Robben ~ (1~'tS) 6 
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The.. 1Y\+~~('~l IS. COVlVlC!C.+e.d W(~ -Hte... ,d.e", of a.((!~'~ 
-thL ~ tIS. e.xpres sed Io~ ~e ddt fil1-e. 'I"\+-e~ .....o..l ()f.. "'- ~Ul"'l<"~o n .. 

...:::... A- DefinIte \r'I+e~ 

s: f(x)Jx:= ..'~~ HxM))( : [St(~x]~. [F(~)t =F (b) - F(4.) 
¥ "."-."---.~--.---

o a XI Xz x:\ . _• XI ••• x .._lb XThe.. flUWl bef's 0. a,.,d. b ~r"~ o::t..l\.ed +he. lower ~d vpper '. 

fUe) 

I,,,,,ts /)~ ,,,+-e~.,...-ho", , "'"d ["-, b ] 16 ~...lW j.j.,e. r.."Je of \1'\+ed("'+1 0•. 
Au = i f(Xj)(Xi-l - xJ 

GeopfQ--tn("cJ!j *"e... dE.-t\f\ltc. .~i-e.ji'oJ bf ~(x) \iJ,{h t'c!Spec+ +0 x.., 1c.e~r'1 j-lI 

IIMt+~ x:,; IA.. tc )(.=.Jo IS tke. wea... Ioov"c/ed bt4 iLK) -fl...e )( _o.J!l-S. . 
~, IctYld ~ ~ftc",-ls ikrovjh ,""e... et'\.d PO("-t~ o+- 6.... O-~cl O. 

Rules of Umits 

CJ:=-I: L+L =[ f:-LC=f: [=0 

The \V\d~flr1l~ Il1te[j("~r 

F(x) I~ at') - IfI+ejr"'al (anf,denv"f,vl!!! ) arI' 1(.:) If d F(x)r'0= ;)"'><.)Ifld.efm,f"e elx y 

'Q'''lce tl.e.. derillahve ..t 1=-(><.)+ C 16 ",1"0 e,/ua{ fa I(x), ,,\I l",te.jra.ls. 0+ 

f(x.) o.re.. ,,., duded I" +he €kp re,;s"o>1 U.f(x)dl<. '" ~(x) + C I 
(~ IS co.../led -/.1,..... "'~"""d o..d C 15 an arb, +,..<1'"j Co '" ",to..,+: 

Bec,,-v&e of +he. I.. de+er..,,~a.':j of C, +here.. I~ tJ.t\ ' ... ,f'''rfe tlvi'>1be(" 


of' Fe"C) ted, f'(..,., ~j bj +k",... .,...e I,.:h lie. 'f'0 ....+10" to fj., e. X - "'1<..'.$ " 


The fv{e.ol1 V.due lJ..eore1>1 ~ De-f .1'11 k. I"tej""t:1\S ,- f '" dz =f + C 

\~ f IS CD"'+ll'IIIouS on the dosed II'rI-e(lrc..1 [a., h] I -Ikn, tit SOMe. PQln+ C 1(1 +he 

Irr\-ervo'J [0., k] Sb 


' P(e:) = --L S(X)dX::r b-a. Q 

The.. Ft.JrlC:!C1Me~+Q, , ll-leorelfV\ 0+ Co..tcolu.s. (I) 

If f loS (orrhr)Uou.s. on [a,b] t~e.y') fJ..e. +u~c..+,o~ t=(x)=~)( .£(Vdt h~s a dUII/4-hve.. 
I J~0.+ ever~ pOInt. I~ [0. b] 4I1d -'F d JX 

,..j I I ..:l.!......- '& - f(t.)dt: £(x)
d)(. dx 0. 

The.. Fv..,dW"'7en+A\ ~eC('~W'\ of! C~e\Jlu~ (2) 

1+ f "is <It e..eJ po..,-+-.,of. [0., b] ~..dCOI"\+tl'lVOUS F \S ~"'j Q..,+, de""\I"-~lI/~ 0+ 1­
~ Ca, b] , #tc:.n 

'-........­ ~ ~ fC><:)dx ,. F(b) - ~(Q.) 

Ro6bffl~ (lQQS) 7 
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~vMenG",l \rdea...a.ftOf'l: The. TI"'ApeZo,da.1 Rl,,)le ~...,d. Slr1'IPSO"S Ht'!.+~od 

THE TRAPEZOIDAL RULE 

To approximate lb f(x)dx, 

] ""/(x) 

Trapezoid area 
.l(~. +~')h

2 - I ·2 
\ 

= a, XI 

~.
-I 

X1 

'2 ]11-1 I.\'1I 

X,,_I b =x" 

--" 

use 

T = '2h 
(YO + 2Yl + 2Y2 + ... + 2Yn-1 + Yn) (1) 

with [a, bJ partitioned into n subinervals of length h (b - a)/n. Xo 

The Trapezoidal Rule appro!timates short stretches ofcurve with line segments. 
To estimate the area under the curve. we add the areas of the trapezoids formed 
by joining the ends of these segments to the x-axis. 

-.--'­The 1,.,+e~ro.l ~.$ +he ,L'rJ'JJt of ~leM~"'rt SU(\l1$ 

SIMPSON'S RULE 

To approximate 
bf f(x) dx. 

use 
a 

S = 
h
'3 (Yo + 4YI + 2y! + 4)'3 + ... + 2)',1-2 + 4Yn-1 + 

. 
Yn) (5) 

with [a, b] partitioned into an even number, n, of subintervals of length 
h =(b - a)ln. 

The y's in Eq. (5) are the values of y = f(x) at the partition 
points The y's in Eq. (5) are the values of f at the points of subdivision. 

Xo = a, XI = a +h. X2 = a + 2h, ... , Xn-I = a + (n - l)h, b = Xn 

y 

I.... I • ,-..-: l:' ~ - ) ~l' 

01 a XI XII_I 

6 

A Riemann sum interpreted as 
an algebraic sum of areas: 

r l(wi)~Xi =Al+(-A2)+(-AJ)+(-A4)+As+A6 
i-I 

a b 
Xo WI X6 

I(x) 

" 
Lf(wt)Axt == f(Wl)/lX1 + f(W,)6.X2 + .. - + f(wn)/lxn
h.l 

is called a Riemann sum for f on [a,b J. 

o x 

U - Subs+,+\.1+'0(1 IV) Oef'Yl.tc:. II1+e~ra.ls 

5(b)j'" f(~(x~ .j '(x) dX = f(~) dL\. u..-=- .,<x) ; d.\J = j'(.l<.)dKI 

~(q) ,........,.
J 
L. ~ 
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In+e~rat\On 

I. Zero Rvle: S: f(-:)dx =0 

T. In+e~r-a.+'''\j +he o+hv dlrechor1: S: f(x)dx. ,. - s: :t(><)dx 

3. COflS+o.n+ FUnc.+lon Rule.; S: Ie. d x. ::. k ( 6-0.) 

4. (o'1s+-o.",+ Mul+, FIe Rule: J: Ie f(..:)dx::. k S~".f(X)dx 

5. SUM Rule.: ~: [f(x) ~ j(x)] dx ::. J~ f(x)dx ~ S~ ~(>()d>< 

6. Dlttereflce Rvle: I~ [f(x.) "j(x)jdx .. S~ f(><)dx - J~ j(x)dx 

7 EXPO()<!!J1+lo.f T<vle.: Sb x"dx = [--L- xn+l]b -= ..L. (b r1 +'_ Yl+I) 
A n+1 ~ Yl+-J G\ 

15. DO~lno'+,on Rule: -::l(x) ~ ~(x) 01'1 [ayb] +her'! S: j(x)dx. L J: f(x)dx 

~b SC c
Infer-vo..l Add,+,Ot'l Rule: Ja. :f(x)dx ~ b ~x)dx ::. L..s&t)dx 

10, In4-er-vo.l SVb+rAcho,", Rule: S: f()()dx. - 5~ .f(x.)d)(. = S: f(x)cix 

II. 	 D. H'e.re'fha.n~ -Itte. Irt~{J(o.t: j)( (S~ :r(i)Jt ) =:f(u)~ 

L( rv 1(t)dt)= :9(v) dv - flu.) ~ 
dx ~IA 	 dx d><. 

12. Inh:.jl"b..ft'j tk.. T("~onoWle..+rtc.. l=vttc::..+tOt1 ~ : 

Jcosxdx .. 	 scsc.::Zx elx ::. - co+ oX + c.$t1x -+ G 

I secx +0..1'1 X dK'" sec::: x. + C.J 511' X d" = -(oSX. +- C 

"--- Ssec.2xdx· +~n x+- C. 	 sc. ~c. x 'O~)( dJ<. '" - esc::: x t- C 

Scos.2. x: cL.: =: ~ + SI~2)( "" C 5SI(l2xdx = f - SI'" 2)( + C 


Robb,,,s (\9q~) 
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&jOt'! of ArljA b,UI1c:kd ~ Cift'e.S For regions like these, "-',fh (~e,-+ +0 -The .!j-'l~IS : 

y y ~ 
. x =/I(Y)y W,+h nl'-pl'!C.+ +a ~e )( -0'1(16 " . x=/ICv) 

X=/z(y) . d 

~'(Y) 
- g(x)Jdx. c 

--+---------+. x --+--------.... x -+--------

x = /'iY>,/ 

.. xo o o 

x use the formula 

Area = idCflCY) - f2(Y» dy. 

---f(x) 

A = S: [f(X) 

Volume. fa PArdUe) CrllSS .5ectH)YlS ~ DISCS and LJ(;l4te;~ 

THE Dt~l<" HE-THOD 

'ioh)Me of C{ :Sol,d 0 t +<e.volvtwf'l l ~belJ+ 4-he )<..-AilfS) V;:. t"il[f{x)tdx 

Vol\J~e ot- G\ .scl,d ri- ~evolvhofl (a.bovt t~,1!.. ~ -~)(.\ s) ~ 
y .. ~~ "[t(j)J~j 

THE WASHE:.R METHOD 

'WQ..5hef' Wle..-Utod o..b+ X - ~)(t~ 11= t it ([ ;!'("'lJ~- L~(",)]L)dx 

WQ.oLH~r Wle·J..{.·wd ~(/+- j -It)(l.s:. 1/ = t ii ([ Fe:llt - [G(~)]Z)dj 

S"'''''''''......j: v.. S= il [(ov+er ("",diu",)" - ('Mer rlldtucYJd_ 

THE SHE.L...L.... HE-THOD 

She\\ W\e4hed atlflc.A- X'-t!V(t.$. y~ S: 2 tlj [F(j) - G(:PJ dj 

S\..ell Me.tked a.b o.:+- ;j- "-"" s.'. V -= s: 2.X [fV<) - ~ (",)1 dx 

6u","''''rj ~ ,,~ S~ Z lr ( r.,cJ,,) s of Cj l,"Ide,.) ( he~ lo.+ .~ ::lIt fld er \ d _ 

PAR.AL~E.L. (Ros~ sEcnoMS 

If ~e.. tfc~s - ~'-+lOt'\c:J Q.j~o.... 'Al'<) VAf(~~ con+u1vovS{'1 vlcR)(. tk(!.-'\ we ~\I'lJ(c.tr"l
J; ....J I

the..- volvV'o'tt. ot- +~e.. sot\d bj ll'\+f!~rQ.+(vtj A('<) +ro"""'-. "'- +0 b : ''-'' 

V= J~ A(,c).dx : ( ~vero..3e ,(!l~S - se c.+tO(\o...\ ~.rO!A.). (I. - ...) 

Robb,,~ (\99B) 10 

., ~ f 



--I 
the Trar1scendenta\ Functions 


THE L()QARlTHH___FJJNC.LLo~ 
y 

Th ~ No..tv("o..l LO(jOfl+k~ Fut'\chon: 
' ­

()( '> 0)l In x S~ Yt dt0: 

x 

If x 

J 
Ot (I 

If 0 < x < I. In x = dt = - dtI' + J" + 
gives the negative 
of this area. 

Ba.SIC. f¥operf,es- ~ lr"l x : 

in X
Q. = I..., G\ - In X 

3, In ~: - I" x 

4. 11'1 X t'1:: n In x 

t (In/xl) ",t ()( 1- 0) 


" 1 

In e ~ ~~ dYt 3 

Ll;,~.. ·~··-v~~__--...... x71\ xIn I:. 0 o 

- (11 dt =0 
= I, In x - J1 t { < 0 if 0 <x < 1C~~e J Bcc.se: 

Inx = 0 if x= 1I03o.. X ~ \nx >0 ifx> 1 
Ina 

~/()()1; [In .5(><)]" jN.1; :j{x): Id.: :: In I~I + C. 
~(x) 

lV\te(~r..:h~ #e T"'~bflOMdn(, F"nc:hons, USIYlj tJ..e N'l.hro..l La~ ...n+k,", F!.il'l <!tl'" : 

~i +M I). dll. '" -In Icos 0.1 +- C. " /n /.sec "'/ + c. 


fco-\- fA d.... ~ I", I$/1'1 0./ +- c. ~ - Ir) Iesc x I +- C 


~ sec ""-- du.." in l.se.c u... + tOVlI t ~ 


~ esc v.. d~ .. -In /esc IA. + cot IA.lre,. In I CSoC u.. -co+o...l .... c 

DerIVa:MVc."S of lflver.se.. Tr"'l,jO~cMe+flc:. FUl'tctLO"'S. 

A-. sn.-\ ~ :. I . ~ d -t
d~ ~- d>e:. dx cos. t..L: d~ 

~i- Q)('. 

~ +~-\~-=- du... 
dx I + u.Z 

• d)(. A cot -f tAo. =­ du.

dx 

f + IA. '2. • d;( 

-\
--=L esc. t.A.. = { d(.t

dx: dlu.l~ ~1._, ~ ~ ---,.-- S -( ,ettA..d><. e"c::.. t..L =­
l\A. {~ ""'-~ - \ dx:

+e.~ra.!s Lea.dll1~ +0 IllIlerse. Tr'j. 1=ut'lC.+IO"S: 
~. 

r de.{ r eLlAj .fl- v.2. '= SII'l -I U. of. ~ r ~ :: +Ar1-'1..l + c: J""",fu.a._I .q,e£'!IA.\ + C ~ I +u,:2.. 
RobbIns (1~98) , l 
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T\-\E EXPONENTlAL. Fu~C.TlQN 
y 

'OJ e )(. '!:. Ir) It ::J" I" x, t{,e" e ~ :: Xx 

The. t-j,,+vrl!l.\ EXFo"en+I~1 Fv(lC'hon! 
._-------..... _----- - .. ~~--~-" ..,~ 

~(x) -:: e )( ,where.. e =. 2..718 

In ')(R-cperhes of 1=."'f"'''''''+s : I In e x-::. X e =)( 


1(.. Xz. x, + x ~ 

\ .e. e -=e. ' L (e)() -::. eX 

d~2. € )('1 = e 1(, - ~2. 
e.. )(.2. 

IA.d~L (e) = ~ (e~) dlA -= e dx-x d'X. d\A dx.. 
~. e ~ e)( 

-I 
i 

~Iy = lnx , 

I 
x I 

I 

r G\)( d - ~ e. ~x.~ e.'....JIA c e. .... +c Je x­

ot..\.The. Fu nG +lOn .j:' 0..x + C 
1 )( x!nt.\. I S~~d~"If 0- t~ fA.. PC!:\ ·LVe Yi U tn h~r +~\€r1 (\. '!:. e.. In 0.. 

\ I 

t~ X pOf! ell +/ ct.1 ~ vl~ 

it=- C\. ">0 I +h-!:n d. )( I d ~ t.\ ( dR 
- 0.. :: ()...x t10... ~ - 6\. -::: t\. (l.~ --­
dx: dx dxI 

\ X. lcq X.IOj 0.. 0... ':.!o(. 0.. JO- = ><. 

I 

d (l ) d ('n X ) I ..:2.­ , -L . - oq~=--:=-
0.>'- \j 0.. dx In "'- Ir-t 0- ax lr x ~ I"'~' X· 

d -_\... _'_. dt.L~ (IOJ 0,. CA) :: 
{(lfl..- u.. ax 

Kt.. 
l'ne.. L~w 0+ ~ ('Me".(. " ..\ (1,,,,,,(j -e'. j " .j0 e 

Rll.chCQ..c+t ve -~e t'().~ ~"",-·hO(\·':r.J" e.-I<-\:: 

Htl.\f ll~t-::- t" 2­
\<­

for eO:OI, po~r!"\II·e. II'1~e,... I'l, (I + ~)" ~ e ~ ( I + kr+ I . 
..~' 

Rob6u1 ~ (,qcrS) 12.. 
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-------

Review of Co.lculvs Concepts 	 S\J~lemen+ A 
;'VjVS+ 2~, 1'1'B

£If:~f Der,vo;bye Rule: 
1.It 	~'(c2.) >0, tl,el'1 f(.>e) I~ Il'Icreo.slr1j 0.+ x .. 0.., If t'{A)<O I Maximum 

'-- ~en f(K) 10$ dec.rea.sll'lj a.t X""" 

Sec.ond. Der\V~+lve Rule ~ if tll(a.) >0 " ~eI1 :f(~ IS COf)C(A.ve 

vp 0.+ l(. a., If ~I/ (fJ...) <0 I fhe ,,,,,,~d .:krIV"\' v'e ("lIe .jIve," 110 IIlfo, 

eoncLJ'0n5 on +he detl""d1!les D~~r,phlm of .f~~ a+ X~~ Graph of .r:.f(x.) ne~'" X$~ 

Positive 
~slope 

Zero slope 
Negative slope % 

l. f I ((/..) P06\+lI/e 	 f(x) 'ncre"s,~ 
f II(a) pos,"hve f(x) conco.ve.. up 	 J 

~ 
tJ.. 

2. f,(Cl) p:>5,tll/e 	 t(x.) ft1cre.D..S'r1j r-r
f 'Co) y\t~+t"e. 	 f(K) Conc.Q.Ve down 

tJ. 

_.3. 	 f I(a.) n~,ve f{x) decrea.s'llj 


fll(a) POSltIV~ f(x) conca.ve up 

1 __ fl(a) neja.+lve .f(x) decreC4Slllj 	 I 

hf"(a) ne~o.+lve -f(x.) concave down 

a \ 


LOCo.+l~i!f Ex+r~e. Pb,n+S ; Cnhc~l 'k\oe.5 
_ lhe t~n.§etlt ltne. c:a.t __ a.. rn~X"Y1Vm ()r n,lfllr'YH)n'i pot,,+ of ~ fvnc+,on ~(~ )'",s zero .dope. 
_ • Look for possible e.",treme porn+:s of f(x) b~ sefhnj f'(K) =0 and sotvlOj for )(. 
_PIIJ II') that vcdue (.~) of " ,,n-o the. 0"-(3.110.1 fUflchon.' .f.(x).',- ~ cb+a If) the. eXCl~-t coorJItU::ttes 
of +h~ e;(treM~ po ,n+(s). 

An exrreme POIt1t rnaj be. 0.. maxlmv," or minImum v'~tve of +he fund",on._ 1he 5ecor1d Jerl\la-hv'~ 
detern'l/tle.5 conca.vltJ. 

LocllJ'Oj lnrle.chon POints? 

An Intle~+iOt1 po\nt of ~ tUr1chon f(K) ca.n occur A+ 0. valJE. J x tor which fll(x) IS zerD, 

_ beca.v~e +he CIJ"'V~ l~_COnC()..."e. up whe..rG {II(X") I~ POSIt,ve ~t1d COI1Ca.Ve. down where t I'(x:) \,5 

he.j"'+lve. ~Y'\ ,,,.fleGf,on po,t\+ IS the. potn+ where CDI'\Co.\lltj cJ,"(\~j':!.s. 

" Look .tor po~s,b\e. lnf{~+'oJ1 po,nt~ bj se-H-lr1j f"()()=o and 5otVI~ .for x. 


y 
Absolute maximum. 

No greater value of!anywhere. 

Also a local maximum. 
Local maximum value. 

No greater value of 
!nearby. 

I 

~ 	

I 
I 
:

I 
I 

"Local minimum 
I value. No smaller 
: value of!nearby. 

~ I 
Absolute minimum value. ( " I L ~ .. I I 

No smaller value I Locill nutnmum value. I 
x of!anywhere. Also a I : No smaller val", of : 

local minimum. : I! nearby. I I 
I ! I I ,x 
ace d bRob6,'ns (1946) 
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Sufflement A.. 


The First Derivative 'test for Local Extreme Values 

The Second Derivative Test for Concavity 

The graph of a twice-differentiable function y = I (x) is 

If/'(c) = 0 and the sign ofI' changes at c, then/has a local extreme 
value at x = c: 

I has a local maximum ifI' changes from + to -. 

I has a local minimum ifI' changes from - to +. 

-.-/ 

concave down on any interval where y" < 0, 

concave up on any interval where y" > O. 
The Second Derivative Test for Local Extreme Values 

If I'(c) = 0 and I"(c) < 0, then I has a local maximum at x = c. 

Cvrve S"e+chl'1§ If I'(c) = 0 and I"(c) > 0, then I has a local minimum at x = c. 

• Look for poSSible extreme poInts of f(x) ~ ~thflj .p~(x.) = 0 and SOIVll1j .fbI. X • 

_P\Vj In tho.t v~lue.of x IYlto f(x) f'b obh:un &:o.c.t coord lno.+e". 

~ Plvj 111 fhO\t ~l'11e \/oJve of x ,vrro t "(x) +0 obtain ~e 'OnC4Jnt~. 
• LODk -tcr po~ble IrtflecilQn pOInts bj setfl'!j .pl/(x) '= 0 and so\vlnj -tor x. 

Ve\ocl±Y ~ Acceler,,:hon . 

x(t) = posl+(On fUYle-+,Ot'l

'Iet)= velocrtj .fvnc:ho() /t (t),. v'e./:.):: x"(t) 


't(t)= acce(era-hon -h.mctlO n 
--.../ 

G"ltleos. h:,rMvIo.! xLt) = - t "t 2. + Vo t + x 0 Vo :: II1rht\1 ve(oc.l+j 

Xo= ,n'+lcd he.~h+ 


-A pa.mde 1$ 4+ (~ when ,,(i) = 0 
 j = 3Z++/sZ. 

. A"ero,qe va.llIe ,; .f =.-l...- rb..p(X)d;< Ave~e ro..+e of ch"'il,je = f(b)-f(o.) 
\.J b-a.J~ b-a. 

ln~jro:hoo bJ Po.rts 
~A_t:1__~.ffec.+lVe QV\d verso.t,l~ me.+hod of In+e{jr~+lor1_~+.._ta.n __ bc.._ 4FfJled _to. !ertQV) l"1h~~rcJ~ 
_:JLktI ..wl'l <IS If'I+~jr~+IDt'l bj ~('+s. S:F(x)j '(x)d)( = ;v<)~(x) -l-f'(x)j(x)dx. 

The Integration-by-Parts Formula 

or If u.:: f(x) arld ,,= cq(x) 
, \J J 

f udv =uv- f vdu . 

.!he. :foCI'YIU\0. for I "l+ejrCl.+ Ion la.pc..r+S 15 0 b-l-t:I.Ine d eC\.SI G ~C>IYI 1he __ pr 9dvc.t r.vle. ~c>r ",.--I 

d r<teretrho:hDt'l. Ix(\)\() ... j~ V+ v. ~. lr'l1earCl.-hr.j both 61 cle.~ ~\LIJ..s IN"SV~c:I)C -t- JI.l$ d>< 

-:: Jvdu. -t-Su..dv. 
Ro bi"ns (\"ft9) 
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